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^ : 

^^ , Abstract. We consider here a generalization oftheHua system which was proved 

by Johnson and Koranyi to characterize Poisson-Szego integrals for Siegel domains 
of tube type. We show that the situation is completely different when dealing with 
non tube type symmetric irreducible symmetric domains: then all functions which 

^' ', are annihilated by this second order system and satisfy an H^ type integrability 

\^ • condition are pluriharmonic functions. 

■5 

1. Introduction 

, Let V he a bounded symmetric domain in C™, and let G be the group of all 

QQ I biholomorphic transformations of V. The aim of this paper is to study H-harmonic 

^ ' functions, where H is a naturally defined G-invariant real system of second order 

^ . differential operators on T) which annihilates pluriharmonic functions. The system H 

O '. is defined in terms of the Kahler structure of V and makes sense on every Kahlerian 

O ■ manifold. 

O _ 

^ ■ To define the system H, we recall some basic facts about V. Let T^''^{V) be the 

j^ ! holomorphic tangent bundle of T>. The Riemannian connection V induced by the 

Bergman metric on T> preserves T^'^{V) and so does the curvature tensor. For Z, W 
two complex vector fields we denote by R{Z, W) = V^Vvk — Vv^Vz — ^iz,w] the 

, , ■ curvature tensor restricted to T^'°(P). Let / be a smooth function on V and let 

^ : (1) A(Z, W)f = {ZW - VzW)f = {WZ - V^Z)f . 

Then A{Z,W) may be seen as a second order operator which annihilates both 
holomorphic and antiholomorphic functions, and consequently, the pluriharmonic 
functions. Conversely, if all A{Z, W) annihilate /, then / is pluriharmonic. Indeed, 
we have A{d^.,d^J = d^^d^. 

Let ( , ) be the canonical Hermitian product in T^'°(P). Fixing a smooth function 
/, we use ( , ) to define a smooth section A/ of the bundle of endomorphisms of 
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Ti'O(P): 

(2) iAf-Z,W) = AiW,Z)f, 

where Z, W are holomorphic vector fields. Then we define H/ as another smooth 
section of the bundle of endomorphisms of T^'^{T>) by 

(3) (H/ ■Z,W) = Tt{R(Z, WyAf) = Tt{R{W, Z)Af) . 

To compute explicitly H/, we may take an orthonormal frame of sections of T^'^[V), 
which we denote Ei,E2,- ■ ■ , Em- Then 

(4) H/ = 5^(A(E,, E,)f)R(E„ E,) . 

The system H is, of course, a contraction of the tensor field Af. It is invariant with 
respect to biholomorphisms, which means that 

(5) H(/ovI/) = M/;i[(H/)oM/]vl/, 

for every biholomorphic transformation \& of T>, \1'* being its differential. 

By definition, H-harmonic functions are functions which are annihilated by H. 
We will consider here symmetric Siegel domains, for which these notions are well 
defined since they are holomorphically equivalent to bounded domains. When V 
is a symmetric Siegel domain of tube type, (|^) is equivalent to the classical Hua 
system. This system is known to characterize the Poisson-Szego integrals (see D^'K ] 



and | |J K|| ) . This means that a function on V is H-harmonic if, and only if, it is 



the Poisson-Szego integral of a hyperfunction on the Shilov boundary. Originally, 
the curvature tensor was not explicit in the Hua system. For classical domains, 
the system has been defined by L. K. Hua as a "quantization" of the equation 
defining the Shilov boundary (see |[Hu|| and |PV|| ). L. K. Hua proved that the system 



annihilates Poisson-Szego integrals. Then the system was extended by K. Johnson 



and A. Koranyi ||JK|| to all symmetric tube type domains and was written down in 
terms of the enveloping algebra of the semi-simple Lie group of automorphisms of 
the domain. K. Johnson and A. Koranyi proved not only that for all tube domains 
the system annihilates the Poissonn-Szego kernel, but also that the H-harmonic 
functions are Poisson-Szego integrals. Rewriting Johnson-Koranyi formula C{d, d) 
in terms of the curvature tensor, as suggested by Nolan Wallach, one obtains the 
same system as above. It is why we call H the Hua- Wallach system. 

Notice that (^ and (^) have a perfect sense on any Kahlerian manifold, and, 
for general Siegel domains, the system (^) has been already studied in [ pHP j. In 



particular, for non tube symmetric Siegel both (|^) and Johnson-Koranyi formula 
C{d, d) take the same form. In the work of N. Berline and M. Vergne ||BV|| it is 
observed that C{d, d) does not annihilate Poisson - Szego integrals, and the problem 
of describing C{d, (9)-harmonic functions is risen. Here we are going to answer their 
question. 
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Main Theorem. Let V be a symmetric irreducible Siegel domain of type 11, and 
let F be an H-harmonic function on V which satisfies the growth condition 

(H^) sup/ \F {uz)\'^ du < oo, 

zev J N{^) 

where A^($) is a nilpotent subgroup of S whose action is parallel to the Shilov bound- 
ary. Then F is pluriharmonic. 

This is in a striking contrast to the case when P is a symmetric tube domain. It 
requires some comments. 

The Poisson-Szego integrals on type II domains have been characterized by N. 



Berline and M. Vergne ||BV|| as zeros of a G-invariant system which, in general, is of 
the third order. It is obtained by "quantization" of the Shilov boundary equations. 
They also prove that for domains over the cone of hermitian positive definite matrices 
one can use a second order system, A^, to characterize Poisson-Szego integrals. This 



system appears already in the book by Hua ||Hu|| . It is obtained from C{d,d) by a 
projection that eliminates a part of the equations. 

All this shows that the system H does not seem to be canonical in any sense, 
although it is defined with the aid of the curvature tensor, certainly an important 
invariant, the geometric meaning of the system being still unclear. Our present 
work suggests that it would be interesting to understand second order systems of 
operators on symmetric Siegel domains which are invariant under the full group of 
biholomorphisms. 

In the proof of the main theorem, we use heavily the theory of harmonic functions 
with respect to subelliptic operators on solvable Lie groups |^, |^, [ pH|| , [ pHP 



To do this, we identify the domain V with a solvable Lie group S C G that acts 
simply transitively on V. We then use a special orthonormal frame of S-invariant 
vector fields, Ei,E2,--- ,Em, to compute the operator H by the formula (^). In 
fact, we only consider the left-invariant second order elliptic operators built out of 
the diagonal of H, 

(6) H,./ = (H/-E„E,). 

Elliptic operators which are linear combinations of operators Hj play the main role 
in our argument, and in particular the Laplace-Beltrami operator A, which is the 
trace of H. We represent H-harmonic functions as various Poisson integrals, and 
we use properties of these representations. 

Linear combinations of the operators A{Ej, Ek) have already been used to charac- 
terize pluriharmonic functions (see [pHMP|| ) . We should emphasize that the systems 



under study here are different from those of [pHMP||, and the proofs require new 



ideas. Since a part of the construction is the same in the two papers, we try to 
simplify the presentation for the reader's convenience. 

Our growth assumption {H'^) is made mainly for technical reasons, L^ harmonic 
analysis being the easiest. We hope to be able to obtain similar conclusions for 
bounded functions, and perhaps even for larger classes of functions. This requires. 
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however, a somewhat more dehcate technic. In fact, it is not clear that the con- 
clusion requires any growth condition at the boundary, and one may conjecture 
that only growth conditions at infinity are necessary to insure pluriharmonicity for 
H-harmonic functions on symmetric irreducible Siegel domains of type II. On the 
other hand, for tube type domains, one may conjecture that growth conditions on 
derivatives at the boundary insure pluriharmonicity for H-harmonic functions as it 
is the case in the unit ball (| BBG|| ) for A-harmonic functions. 



Finally, let us remark that, if we do not insist on invariance properties of the sys- 
tems considered, then it is always possible to characterize pluriharmonic functions, 
among the functions which are harmonic with respect to the Laplace-Beltrami oper- 
ator A, as those which are annihilated by a single second order operator L (without 
any growth condition). Indeed, a classical theorem of Forelli (see Rudin's book | |Ru| |) 
asserts that every smooth function in the unit ball which is annihilated by the op- 
erator ^ ZjZk^^-g= is pluriharmonic in the ball. So L can be taken as this operator 
suitably translated, so that a function which is annihilated by L is pluriharmonic in 
the neihborhood of a point. Then the real-analyticity of the function, which follows 
from the fact that it is A-harmonic, insures its pluriharmonicity everywhere. 

In view of Forelli's Theorem, it is not so much the small number of operators in 
the system used to characterize pluriharmonic functions than the strong invariance 
properties of the system itself which are relevant. In this context, the present paper 
can be viewed as a complement to [pHP|| andlDHMF . 



2. HuA- Wallace systems 

2.1. General Hua-Wallach systems. In this subsection, P is a general domain 
in C"* which is holomorphically equivalent to a bounded domain. We recall here the 
properties of the Kahlerian structure related to the Bergman matric as well as some 
elementary facts about the Hua-Wallach system which we will use later. The reader 
may refer to [ | He|| and |[KJN|] for more details on the prerequisites. 



Let T be the tangent bundle for the complex domain D, and let T^ be the 
complexified tangent bundle. The complex structure J and the Bergman metric g 
are extended from T to T^ by complex linearity. Let T^'° and T°'^ be the eigenspaces 
of J such that JIt-^xi = ild, J'\to,i = —ild. We have 



1,0 ^ rrOA 



The conjugation operator exchanges T^'° and T'^'^. 

The spaces of smooth sections of T, T^, T^'° will be denoted T(T), T(T^), r(T^'°), 
respectively. Smooth sections of T^'^ are called holomorphic vector fields. 

The Riemannian connection V is also extended from T{T) to r{T^) by complex 
linearity and, since V is defined by a Kahlerian structure, it commutes with J'. 
An immediate consequence is that \/zW belongs to r(T^'°) (respectively r(T'^'^)) 
whenever W G r(T^'°) (respectively r(T°'^)). Moreover, for every couple U,V E 
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r(T<='), we have that VuV = VjjV and 

(7) [U,V] = VuV-VvU,. 
Therefore, for Z, W holomorphic vector fields, 

(8) V^Z = 7r(i,o)([W,Z]), 

where 7r(i^o) denotes the projection from T*^ onto T^'*^. The curvature tensor 

R{U, V) = Vf/Vy - VvVu - ^[uy] 

preserves also T^'^ and R{U, V)Z = R{U,V)Z. The restriction of R{U, V) to T^'° 
is also denoted by R{U, V). On T^'° the Hermitian scalar product arising from the 
Bergman metric is denoted by 

{Z,W) = ^g{Z,W). 

For U, V, Z, W holomorphic vector fields, we have 

(9) {R{V, U)Z, W) = {R(W, Z) U, V) = (f/, R(Z, W) V) . 
In particular, 

(10) RiW, z) = R(z, wy . 

Let us now go back to the definitions given in the introduction. The identity ZW — 
VzW = WZ - V^Z is a direct consequence of (0). The fact that all A{Z,W) 
annihilate pluriharmonic functions follows from (H) as well as from the identity 
A{d^.,d^J = d^^d^. Moreover, 

A{^Z,ijW)f = (Pi^A{Z,W)f. 

which means that Aj is a tensor field. The equality in (0) comes from (|^, while 
one proves (§ using (g) for {R{W, Z) ■ E^, Ej). 

Let us now show invariance of Hx? with respect to biholomorphisms. Let \E' be 
a biholomorphism from V onto V, and \E'* the holomorphic differential of \1' which 
maps Tp' onto T^', . All tensor fields are transported by ^, including, of course, the 
Riemannian structure and the curvature tensor. Thus 

Rj,(W, Z) = ^;'Rr,,(Wj¥, **^)^* . 

Moreover, for a smooth function / on V and (7 = / o \1', we have Ag = "^'^Af"^^. 
So 



(Hp g-Z,W) = Ti {Rv'i'^.W, ^,Z) A;) 
which implies 

Finally, let us remark that, from formulas ([l|), (j^) and (p!OD, it follows that Aj = 
(A/)*, and H/ = (H/)*. So, to study H-harmonic functions, it is sufficient to 
consider functions which are real-valued. 
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We want now to compute explicitly the Hua-Wallacli operator for symmetric irre- 
ducible Siegel domains. To do it, we will use Formula (^ for a particular ortlionormal 
basis El, ..., E^- 

2.2. Preliminaries on irreducible symmetric cones. Let Q be an irreducible 
symmetric cone in an Euclidean space. Our aim is to describe precisely the solvable 
group that acts simply transitively on Q. The group will be used in the construction 
of the orthonormal basis. We do it all in terms of Jordan algebras, and we refer to 
the book of Faraut and Koranyi ||FK|| for these prerequisites, introducing here only 



the notations and principal results that will be needed later. 

A finite dimensional algebra V with a scalar product (-, ■) is an Euclidean Jordan 
algebra if for all elements x, y and z in V 

xy = yx x{x'^y) = x^i^xy) {xy,z) = {y,xz). 

We denote by L{x) the self-adjoint endomorphism of V given by the multiplication 
by X, i.e. L{x)y = xy. 

For an irreducible symmetric cone Q contained in a linear space V of same di- 
mension, the space V can be made a simple real Euclidean Jordan algebra with unit 
element e, so that 

Q = int {x^ : x e V}. 

Let G be the connected component of the group of all transformations in GL(y) 
which leave Q invariant, and let Q be its Lie algebra. Then ^ is a subspace of the 
space of endomorphisms of V which contains all L{x) for all x & V, as well as all 
xny for x,y eV, where xny = L{xy) + [L{x),L{y)] (see ||FK|| for these properties). 



We fix a Jordan frame {ci, . . . , Cr} in V, that is, a complete system of orthogonal 
primitive idempotents: 

c^ = Cj, CiCj = if i 7^ j, Ci + ... + Cr = e 

and none of the Ci, ...,Cr is a sum of two non-zero idempotents. Let us recall that 
the length r is independent of the choice of the Jordan frame. It is called the rank 
of V. To have an example in mind, one may think of the space V of the symmetric 
r xr matrices endowed with the symmetrized product of matrices ^{xy + yx) . Then 
the corresponding cone is the set of symmetric positive definite r x r matrices, the 
set of diagonal matrices with all entries equal to except for one equal to 1 being a 
Jordan frame. 

The Peirce decomposition of V related to the Jordan frame {ci, . . . ,Cj.} ( [[FK|| , 
Theorem IV. 2.1) may be written as 

(11) ^=0 y^j- 

^<i<j<r 

It is given by the common diagonalization of the self-adjoint endomorphims L{cj) 
with respect to their only eigenvalues 0, |, 1. In particular Vjj = Mcj is the 
eigenspace of L{cj) related to 1, and, for i < j, Vij is the intersection of the 
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eigenspaces of L{ci) and L{cj) related to ^. All Vij, for i < j, have the same 
dimension d. 

For each z < j, we fix once for all an orthonormal basis of Vij, which we note 
{efj}, with 1 < a < d. To simplify the notation, we write e°j = q (a taking only the 
value 1). Then the system {efj}, for i < j and 1 < a < dimVij, is an orthonormal 
basis of V. 

Let us denote by A the abelian subalgebra of Q consisting of elements H = L[a), 
where 

r 

We set Aj the linear form on A given by Xj{H) = aj. It is clear that the Peirce 
decomposition gives also a simultaneous diagonalization of all H E A, namely 

(12) Hx = L{a)x = hiMl±MMla: x e V,, . 

Let A = exp^. Then A is an abelian group, and this is the Abelian group in the 
Iwasawa decomposition of G. We now describe the nilpotent part A^o- Its Lie algebra 
J\fo is the space of elements X E Q such that, for all i < j, 

XVi, C Vm, 

k>l ; {k,l)>{i,j) 

where the pairs ordered lexicographically. Once Aq is defined, we define Sq as 
the direct sum A/o © A. The groups 5*0 and A'o are then obtained by taking the 
exponentials. It follows from the definition of A/q that the matrices of elements of 
Sq and 5*0, in the orthonormal basis {eg}, are upper-triangular. 



The solvable group 5*0 acts simply transitively on f2. This may be found in [FK 



Chapter VI, as well as the precise description of A/q which will be needed later. One 
has 

■^0=0 ^^V 

where 

Mij = {znci : z EVij). 

This decomposition corresponds to a diagonalization of the adjoint action of A since 

(13) [if,X] = M^l^^^X, XGAT,.. 

Finally, let V^ = V + zV" be the complexification of V . We extend the action of G 
to V^ in the obvious way. 
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2.3. Preliminaries on irreducible symmetric Siegel domains of type II. 

We consider the Siegel domain defined by an irreducible symmetric cone Q and an 
additional complex vector space Z together with a Hermitian symmetric bilinear 
mapping 

$ : Zx Z ^V"^, 
such that 

HCOen, (ez, 

$(C,C) = implies ( = 0. 
The Siegel domain associated with these data is defined as 

(14) v = {{(,z)ezxv'': Qz-^cx)en}. 

It is called of tube type if Z is reduced to {0}. Otherwise, it is called of type II. 
There is a representation a : Sq 3 s \-^ a^s) G GL{Z) such that 

(15) s^C,w) = <!>{a{s)C,a{s)w), 

and such that all automorphisms ct(s), for s & A, admit a joint diagonalization 
[KW| |). To reduce notations, we shall as well denote by a the corresponding 



see 



representation of the algebra Sq. For X G Sq, (|T3|) implies that 

(16) X$(C, w) = Ha{X)C, w) + <I>(C, a{X)w) . 

As an easy consequence, one can prove that the only possible eigenvalues for cr(if), 
with H E A, are Xj{H)/2, for j = 1, ..., r. So we may write 

r 



with the property that 

(17) aiH)C='-^^^C, Cez,. 



A,(i7), 



Moreover, all the spaces Zj have the same dimension^. A proof of these two facts 
may be found in [ pHMP|| . We call x the dimension of Zj for j = 1, ...,r. Let us 
remark, using (|16D and (p!7D, that for C;""^ ^ ^jy we have L{cj)^{(,w) = ^{(,w). 
Therefore, ^{C,w) = Qj{C,w)cj, for C;^ ^ ^j- Moreover, (cj,$(C,C)) > for 
( G Zj and so the Hermitian form Qj is positive definite on Zj. 

The representation a allows to consider 5*0 as a group of holomorphic automor- 
phisms of V. More generally, the elements ( E Z, x E V and s E So act on V in 



^ In fact, the present study generalizes to all homogeneous Siegel domains related to irreducible 
symmetric cones for which this last property is satisfied. 
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the following way: 

C-{w,z) = {C + w,z + 2i^{w, C) + «$(C, 0) , 

(18) X ■ {w, z) = {w, z + x) , 
s ■ {w, z) = (cr(s)w, sz) . 

We call A^($) the group corresponding to the first two actions, that is A^($) = ZxV 
with the product 

(19) (C, x){C, x') = (C + C', X + x' + 253 $((, C'))- 
All three actions generate a solvable Lie group 

S = A^($)S'o = N{^)NqA = NA, 

which identifies with a group of holomorphic automorphisms acting simply transi- 
tively on V. The group N{^), that is two-step nilpotent, is a normal subgroup of 
S. The Lie algebra iS of S* admits the decomposition 

(20) S = X{<l>)®So = (02,) © (0 V.i) © (0 M,) ©A 

Moreover, by (|T2D , (|13D and (0), one knows the adjoint action of elements H E A: 
IH,X] = ^X 

(21) |^_^|^A.W + A,(g)^ 

Since S acts simply transitively on the domain V, we may identify S and V. More 
precisely, we define 

(22) e-.S 3 s^ e{s) = s-eeV, 

where e is the point (0, ie) in V. The Lie algebra S is then identified with the 
tangent space of P at e using the differential dde- We identify e with the unit 
element of S. We then transport both the Bergman metric g and the complex 
structure JT from V to S, where they become left- invariant tensor fields on S. We 
still write J^ for the complex structure on S. Moreover, the complexified tangent 
space T^ is identified with the complexification of S, which we denote by S^. The 
decomposition T^ = T^ ®Te is transported into 

(23) S^ = Q®P. 

Elements of S^ are identified with left invariant vector fields on S, and are called 
left invariant holomorphic vector fields when they belong to Q. The conjugation 
operator exchanges Q and V, while the transported operator J' coincides with ild 
on Q, and to — ild on V. The Kahlerian metric given by the Bergman metric can be 



)r 


X e 


2v 


for 


X 


e V^j, 


for 


X 


eM, 
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seen as a Hermitian form on Q, and orthonormality for left invariant holomorphic 
vector fields means orthonormality for the corresponding elements in Q. 

Now, let us construct an orthonormal basis of left invariant holomorphic vector 
fields. We first build a basis in S. To do this, we use the decomposition given in 
(pOD and give a basis for each block. 

We have already fixed an orthonormal basis {e%} in V corresponding to the Peirce 
decomposition chosen. For j < k and 1 < a < d, we define X"^ G Vjk and YJl G Afjk 
as the left-invariant vector fields on S corresponding to e^^i. and 26°";, ncj, respectively. 
For each j we define Xj and Hj as the left-invariant vector fields on S corresponding 
to Cj G Vjj and L{cj) G A, respectively. It remains to choose a basis of each Zj. We 
choose for eja an orthonormal basis of Zj related to 4:Qj, where Qj is the quadratic 
form defined above. For Zja = Xja + iyja the corresponding coordinates, we define 
A'f , yf as the left-invariant vector fields on 5* which coincide with dx and dy . at 
e. 

Finally, we define 

We can now state the following lemma. 

Lemma 2.1. The left invariant vector fields Zj, for j = I,--- ,r, Z%, for j < 
k < r and a = 1,- ■ ■ ,d, and Z" for j = 1, ■ ■ ■ , r and a = 1,- ■ ■ ,x, constitute an 
orthonormal basis of holomorphic left invariant vector fields. 

Proof. This lemma is already contained in |pHMP|| , to which we refer for details. 
To prove that Zj, Z'^^,, and Z'j are holomorphic vector fields, it is sufficient to prove 
that 

J{X,) = E,, J{Xf,)=Yfl, J{Xf)=y-. 

To do this, we compute the image of the vector fields Xj, Hj, X";,, Y^, X^, and y" 
by the differential dO^. We find the following tangent vectors at e: dx^^, dy^., dx^ , 
dy^ , dxja ■> ^^d (^Vja ' Hcrc the coordinates that we have used in 2 x V^ are given by 



(C, z)=\^ Y^{xja + iyja)eja, ^ {x^j + iytj)el 



rij)^ij 
j,a i^j,ct 

The assertion follows at once, using the complex structure in Z x V^. 

To show orthonormality, it is possible to use Koszul's formula which allows to 



get the Bergman metric from the adjoint action. This is done in [PHMP|| , Lemma 

(1.18). □ 

2.4. Hua-Wallach systems for irreducible symmetric Siegel domains. We 

now compute the operator H in the orthonormal basis that we have built in the 
previous subsection. In fact, it is enough to compute the following operators, called 
strongly diagonal HW operators, and defined by 

H,f = {Hf-Z„Z,), j = l,...,r. 
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We have the following proposition. 

Proposition 2.2. The strongly diagonal HW operators Hj are 
(24) H, = 5^/:j + 2A, + 5^5^A^,. + 5^5^AJ,, 

a k<j a l>j a 



where 



A,=X] + H]-H, 



(25) q = {Xff + (3^;)^ - H, 

Proof. We first compute the curvature tensor R{Z, Z), with Z = Zi,- ■ ■ , Z^. From 
(H), we know that, for Z,W in Q, 

(26) V^W = iTQi[Z, W]) = ttqUZ, (W + W)]), 
where ttq denotes the projection from S^ onto Q. We claim that 
Lemma 2.3. The following identities hold: 

^~Zj^k =iSjkZj 

'^z,Z^i=liSijZ^j + SkjZ^i) ^f k<l 

1 

Proof. In the computation, we have seen that we may replace the three left hand 
sides of the formulas above by 27rg([Zj,Xfc]), 27rg([Zj, X^J) and 2'jtq{[Zj,Xj^]), re- 
spectively. Moreover, if we replace Zj by iHj in these three expressions, we obtain 
the right hand sides, by virtue of (0). Thus the lemma follows, once we prove that 
all brackets [Zj,Xk], [Zj,X^i\, and [Zj,X^] vanish. This last fact follows from a 
standard argument. One proves that each of these vector fields is annihilated by 
all endomorphisms adif — X{H)ld, with H & A, for a value X{H) that is not an 
eigenvalue of adif for some H. So it vanishes. □ 

Let us go on with the proof of the proposition. It is easy to deduce the action of 
Vz on Q from the one of V^"- Indeed, since the action of S preserves the Hermitian 
scalar product, and since Z is left-invariant, 

= Z-{U,V) = {VzU, V) + (f/, V^V) 

for any couple U, V of left-invariant holomorphic vector fields. So the endomorphism 
of Q defined by V^ is the opposite of the adjoint endomorphism defined by V^. It 
follows from the matrix representation given in the lemma that they are equal, and 
they commute. So, for U E Q, 
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since [Zj, Zj] = 2iXj = i(Zj + Zj). Using again Lemma |2.3| and the expression of 
H/ given in (H), we see that 

a k<j a l>j a 

We refer to [PHMP|1 for the computation of A{Z^, Zf), A{Zj, Zj), and A(Z° , Z^^). 

n 



We also refer to ||DHMP|| for the computation of the Laplace-Beltrami operator 
A, 

(27) A = EA, + EE^^. + E^i- 

j k<j a j,a 



It is proved in ||DHP|| that the Laplace-Beltrami operator is the trace of the operator 
H. 

All results, up to now, are also valid for the tube domain Tq = V + ifl, which 
identifies with the subgroup VSq of the group S and appears as a particular case. 
Left invariant differential operators act from the right. Therefore, we can identify 
left invariant differential operators on the tube domain with left invariant differen- 
tial operators on the domain V itself. We add a subscript or superscript for such 
operators coming from the tube domain, and define Hj, j = 1, • • • , r, and A^ as the 
operators coming from the strongly diagonal HW operators for the tube domain and 
the Laplace-Beltrami operator, respectively. Then, we have the following corollary, 
the proof of which is immediate: 

Corollary 2.4. The following identities hold: 

(28) HJ = 2A, + EE^^. + EE^"- 

k<j a l>j a 

r 

(29) At = E Hj - A . 

2.5. Induction procedure. We collect in this subsection some information and 
some notations which will be used in all proofs which are based on induction on the 
rank of the cone. So, here, we assume that r > 1. We first define 

A~ = lin{L(ci), ..., L{cr-i)} and A^ = lin{L(cr)} , 

and, in an analogous way, 

r-l 

^o"= ^^J and Aro+ = 0AA,,. 

i<j<r— 1 j=l 

A/q*" is an ideal of A/q, while Mq is a subalgebra. Clearly A = A^ ® A'^ and 
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Next, we define A'^,A^,Nq,Nq as the exponentials of tlie corresponding Lie 
subalgebras. Tlien Sq = N^A" is tlie solvable group corresponding to the cone Q~ , 
determined by the frame Ci, ■ ■ ■ , c^-i, which is of rank r — 1 as we wanted. The 
underlying space V~ for Q~ is the subspace 

l<i<jr'<r 

We will make an extensive use of the fact that 

A = A-A-^ and A^'o = A^'o'A^o^ 
in the sense that the mappings 

A~ X A^x 3 {a~,a'^) i-> a~a'^ G A, 

and 

Nq X N+ 3 {y-,y^) ^ y'y^ G A 

are diffeomorphisms. 
Now, let us define 






r-l 



Then it is easily seen that 2" x 2~ is mapped by $ into the subspace {V~)^. 
Moreover, <l>(^, () belongs to fi~ when ( G Z~ . So, we may define the Siegel domain 
V~ as 

V- = {(C, z)eZ-x {V-f : ^z - $((, C) G ^-}- 
Let us define J\f{^y = Z' ®V' and 

Then, again, A/'($)~ is a subalgebra and A/'($)^ is an ideal of A/'($). We define 
A^($)~ and A^($)+ as their exponentials. Then A^($) is a semi-direct product 

Ar($) = N{^)-N{<^)-^. 

Clearly A^($)~ is the nilpotent step two "boundary" group corresponding to T)^ . 

Finally, we want to decompose the group N. Let A^~ = A^(<l>)~(A'o)~, and A^^ = 
iV(<l>)"'"(A'"o)^. Then A^ is a semi-direct product A^ = N~N^ . Moreover, the whole 
group S may be written as 

S = N~N+A-A-^ = N~A-N+A-^. 

Clearly, S~ = N~A~ is the solvable group acting simply transitively on V~ . 
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3. POISSON INTEGRALS 

The aim of this section is to prove the following partial result in view of the main 
theorem. 

Theorem 3.1. Let F be a bounded function on S annihilated by A and by Hj, for 
j = 1, ...,r. Then 

IijF = forj = l,...,r, 



and 



£,F = ^£JF = forj = l,...,r. 



/^From the formulas of the previous section, it is clear that a bounded function 
on the domain V which is H-harmonic satisfies the assumptions. Moreover, the 
first statement implies the second one. To prove the first one, we shall use the 
characterization of H-harmonic functions in terms of Poisson-Szego integrals on 



tube domains. More precisely, following Hua ||Hu|| and ||FK|| , it is sufficient to prove 
that F, considered as a function on the tube domain Tq = V + iQ, is the Poisson- 
Szego integral of some bounded function on V. To do this, our main tool will be 
the possibility to write F, in different ways, as a Poisson integral related to some 
elliptic operators which annihilate F. 

Let us first give some notations. From the last section, we know that every g E S 
may be written in a unique way as a product {(,x)na, with {(,x) G A^($) and 
n e Nq. We write vr for the projection on A^($), given by TT{g) = {C,x), and vr for 
the projection on A^, given by Ti{g) = {(,x)n. 

We first recall previous results of two of the authors. Even if they are valid in the 
more general context of a semi-direct product, we give them in the present context. 
We consider elliptic operators which may be written as 

r r 

(30) L = 5^a,/:, + ^/5,Hj 

i=i i=i 

with aj and jSj positive constants. Then L is a sum of square of vector fields plus 
a first order term Z = Z{L), which is called the drift, and may be written as 
Z = -E IjHj, with 7,- = ajx + (2 + (j - l)d)pj + d J2k<j Pk- It follows from ^| 



and 1^ that the maximal boundary of L can be easily computed (it depends on the 
signs of Xj{Z) — Xi{Z) for i < j). In particular, it is equal to A^($) if the sequence 
7j is a non-increasing sequence, and to A^ if it is an increasing sequence. Let us 
summarize the results that we shall use in the next proposition. 



Proposition 3.2. Let L be given by (pOf), and 7j as above. 

[i) If L is such that 7j is a non-increasing sequence, there is a unique positive, 

bounded, smooth function Pl on N{^) with Jj^,^-. PL{y)dy = 1 such that bounded 
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L-harmonic functions on S are in one-one correspondence with L°°(A^($)) via the 
Poisson integral 

(31) F{s) = PlKs) = [ f{7r{sw))PL{w) dw. 

jn{(I>) 

{ii) If L is such that'jj is an increasing sequence, there is a unique positive, bounded, 
smooth function P^ on N with j^ PL{y)dy = 1 such that bounded L-harmonic func- 
tions on S are in one-one correspondence with L'^{N) via the Poisson integral 



(32) F{s) = PLfis) = / fmsy))PLiy) dy. 

J N 

Moreover, for each given t] > 0, we may choose the coefficients aj and (3j so that (i) 
holds, and that 



(33) / r{wyPLiw) dw <oo 

where t{w) is the distance of w from the unit element e G N{(^) with respect to any 
left-invariant Riemannian metric. 

As we said, {%) and {ii) may be found in |PH|| and 0. The integrability condition 
may be found in [0, Theorem (3.10): a sufficient condition for (^) is that 



r^Y,'^P,X{H,f + X{Z)<Q, 



for all linear forms on A of the form A = '" ^ ^ , ^. The fact that this condition 
may be satisfied is elementary. 

We have chosen to add a tilde every time that we are concerned with an operator 
whose maximal boundary is the whole group N. We then define Pl as an integral, 



(34) Pl{w) = / PL{wy) dy. 

J No 

Let us remark that, in this case, the functions F which may be written as 

(35) F{s) = PLfis) = [ f{7r{sw))PL{w) dw, 

Jn{(j>) 

with / a bounded function on A^($), constitute a proper subspace of the space of 
bounded functions which are annihilated by L. It is in particular the case for the 
Laplace-Beltrami operator, which is obtained for the values a = 2f3 = 1, and has 
maximal boundary A^. 

The main step in this section is the next proposition. It has been proved in | pHP | 
for general homogeneous Siegel domains (non necessarily symmetric), and for more 
general operators. However, in the case of symmetric Siegel domains, which is the 
case under consideration, the proof may be simplified considerably. We include it 
for the reader's convenience. 
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Proposition 3.3. Let F be a bounded function on S annihilated by A and by Hj, 
for j = 1, ...,r. Then, there exists a bounded function f on A^($) such that F may 
be written as 

F{s) = Pa/(s) = / /(vr(s«;))PAH dw. 

Jn{(j)) 

Proof. We already know that there exists some bounded function f on N such that 
F may be written as Pa/- Moreover, we may assume that / is a continuous function 
and prove that, in this case, / is the restriction of / on N{(f)). Indeed, in the general 
case, we consider the sequence of functions F^ defined by 

Fm{s) = / (l)m{n)F{n~^s) dn = P/^{(t)m * f){s)- 

JN 

with 0m an approximate identity which is compactly supported and of class C°°. 
Clearly Fm tends to F pointwise. Let us assume that we have already proved the 
proposition for continuous functions. Then Fm = P/^{fm)- All the functions {fm) are 
bounded by ||/||loc, so we can extract a *-weak convergent sequence which converges 
to /. Then PA(/m) converges to Pa(/) pointwise. Hence F = P/^f . 

So, let / be a bounded continuous function on A^, and let F = Pa/- To prove 
the proposition, we want to prove that, for each fixed w G N{^), the function 
y I— >■ f{wy) is constant on A^o- Indeed, assume that it is the case and denote by / 
the restriction of / to A^(<I>). Then, for s = wya with w G N{^), n G iVo and a & A, 
we can write 

F{wya) = P/\f{wya) = / f {wyavua~^)P/\{vu) dvdu, 

JN('i')No 

= / f {wyava~^y^^)P^{vu) dvdu, 

=PAfiwya). 

Let us finally remark that it is sufficient to prove that y ^-^ f{y) is constant on A^q- 
Indeed, once we have proved this, for each w G N{(^) we have the same conclusion 
with F replaced by ^P, with u,F{g) = F{wg) = Pa(«,/)(5')- Again ^f{y) = f{wy) 
is constant, which we wanted to prove. 

So, let us show that y y-^ f{y) is constant on Nq. Let us define 

(36) Fuiwya) = I f{yaua^^) I / Pa{vu) dv J du. 

We claim that 

(37) Fh{9) =\im F{{exptH)g), 
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where H is the vector field H = Y7j=i ^j- Indeed, writing 

Fig) = / hrc{gvu))PA{vu) dvdu, 



'N{'S>)No 

we have 



F{{exptH)wya) = F{wtytaexptH) = / f{wtytavtUta ^)PAivu) dvdu. 

JN(<S>)Nn 



'N{'S>)No 

For an element g oi N we have used the notation 

gt = {exptH)g{exp{~tH)). 



It follows from (|21| ) that Ut = u for every u E Nq, and that Wt tends to the unit 
element. This implies (|37|) . We now claim that 

(38) Fniwya) =FH{ya) 

(39) UjFh =0 for j = 1, ..., r and AFh = 

(40) HFh =0. 

We have already proved (0). Then (|39|) follows from the fact that left and right 
translations commute. So, for every t, F{{exptH)g) is annihilated by the HW 
operators and the Laplacian. To see (|40|), we use again the fact that Ut = u for 
every u E Nq and the formula ( PB]) to obtain that 

FniyaiexptH)) = Fniya). 

Then (^O]) follows at once. 

Finally, uniqueness in Proposition ^ implies that y ^^ f{y) if and only if Fh is 
constant. To prove that Fh is constant, we consider the function G defined on NqA 
by G{ya) = Fniya). Then clearly G is annihilated by all operators 

(41) D, = -xH, + 2{H] - H,) + J2 E((^^i )' - H,) + E E((^"^)' - ^'^) 

and by H . So, to complete the proof, it is sufficient to prove the following lemma. 

Lemma 3.4. Let G he a hounded function on NqA which annihilated hy the opera- 
tors H,Di, ..., Df Then G is constant. 

Proof. There is nothing to prove when r = 1. For r = 2, let us remark that G, 
which is annihilated by Hi + H2, is also annihilated by Hi — H2 since 

(Di - D2)G = -(x + 2)(ifi - H2)G = 0. 

Therefore, HiG = and H2G = and so, G is a bounded function on the Abelian 
group A'"o = R*^ annihilated by the Laplace operator. Hence G is constant. 

Let us now consider r > 2. We assume that the lemma has been proved with r 
replaced by r — 1. We write G as a Poisson integral with respect to the operator 
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for which the drift Z{D) is equal to Z = —J2 IjHj, with 7^- = (x + 2 + (j — l)d)aj + 
dYlikKj^k- We first remark that we may choose the coefficients aj so that the 7^- 
decrease for j > 2 (when x + 2 > c?, one can even find a sequence aj such that 
7j is decreasing, and conclude directly since every D-harmonic bounded function is 
constant). With this choice, the maximal boundary of D is the group A^^i = exp A/i, 
with 

A/"^ = ®j>iAfij. 
We also define A^^ = expAA-^, with Af^ = (Bi<i<j<r-Afij- Every y in A^o can be written 
in a unique way as yiy', with 7/1 e Ni and y' & N^. We define tti by T^iiya) = yi. 
Then, (see |PH|| ), there exists functions vd and such that 



G{ya) = / 0(711 (yaw) )z/£)(u) du. 

Jni 

The function (p is bounded, and we can assume as before that it is continuous. 
Using notations of the subsection 2.5. on the induction procedure, we can also write 
y & No as y^y' ■ When y is in A^i, then y^ belongs to A^'i^ = expA/ir- We shall 
prove that 0(?/) depends only on y^ . Again, to prove this, it is sufficient to prove 
that (f>{y~) is constant. Indeed, once we have proved this, we may apply it to y+0 
(with y+(p{n) = (j){y~^n)), using the function y+G in place of G. 
In order to prove that (f){y~) is constant, let us define, as before, 

G*{ya) = lim G{{exptHr)ya) 



t^-00 ,^^ 



lim / 0(7ri(t/ {y^)tau {u^)ta ^))vd{u^u ) du^du 
Ini 



Here Ut = {exptHr)u{exp{—tHr)). We have used the fact that {y')t = y~, and 
{y~^)t tends to the unit element. We have 

G*{y~y+a-a+) = G*{y-a-) = G*{y+y-a-a+) 

DfG* =0, for j = l,...,r-l, 
H*G* =0, 
where iJ* = Hi + H2 + ■ ■ ■ + -ff-r-i, and, for j = 1, ..., r — 1, 

i<j j<k<r—l a 

From the induction hypothesis, we conclude that G* is constant. So 4>{y~) is also 
constant. Hence (j){y) = (p{y~^), and, using obvious notations, we conclude that G 
may in fact be written as 

G{ya) = I (j){Tiir{yau))v£){u) du. 

JNlr 
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Since exptHj commutes with elements of Nir for j = 2, ■ • -r — 1, we conclude that 
HjG = 0. So {Hi + Hr)G = 0. Moreover, 

DiG = {2Hl - (x + 2)Hi + Y.{{Y^,f - H,))G = 

a 

D,G = {2Hl -{^ + 2 + {r- 2)d)H, + Y.{{Y,^,f - H,))G = 0, 

a 

which, as in the case r = 2, implies that G is constant. □ 

Once we have concluded for the lemma, we conclude for the proposition |3.3| . □ 
Our next step is the following theorem. 

Theorem 3.5. Let f he a hounded function on A^($) and let F = Pa/- Assume 
that 

AtF = 0. 

Then 

(42) F{{(,x)ya)= / f^{xyava~'^y'^)p{v) dv, 

Jv 

where f(^{x) = f{C,x) andp is the Poisson - Szego kernel for the tuhe domain V+iQ. 

Proof. Using the same kind of proof as in the last proposition, we may assume that 
/ is continuous. The maximal boundary for A^- considered as an operator on VSq 
is VNq. Let p be the corresponding kernel on VNq. Then the function F^, which is 
defined for ( E Z fixed by F{{(, x)s) = -F^(xs), may be written as 

(43) Fc^{xya) = / gc_{xyavua~^))p{vu) dvdu, 

JvNo 

where v G V, u & Nq. 
We have also 

Fcixya) = Pa/((C, x)ya) = / /((C, x)ya{r], v)a'^y'^)P^{r], v) drjdv. 

Jn(<s>) 

Let at = expt(^^^-^ jifj). Then, on one hand, 

hm Fc_{xyat) = g^xy) 

t — ^— oo 

in *-weak topology on L°°{VNq) and on the other, 

lim F(^{xyat) = fiC,x), 

I— > — oo 

pointwise. Hence g({xy) = /(Ca^) = /c(^)- Therefore, 

F(^{xya) = I f^{xyava^^aua^^)p{vu) dvdu, 



f^ixyava y )( / p{vu) du) dv . 
V Jno 
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It remains to prove that it is also equal to the right hand side of (^21). But this 
last expression is a A2--harnionic function (since the Poisson-Szgego kernel is A^- 
harmonic), with the same boundary values on VNq. This proves p^). □ 

Proof of Theorem ^.1\ Again, using Proposition ^.31 , we may assume that F = 
Pa/- Moreover, we may assume that / is continuous, using the same trick as in 
the proof of Proposition ^.3| . So, it follows from Theorem ^.5| that F^ is a Poisson- 



Szego integral on the tube domain. We know from | jldu| | and | |JK | that Poisson-Szego 
integrals on symmetric tube domains are annihilated by Hua operators, i.e. in our 
situation F^ is annihilated by Hj. This finishes the proof. □ 

4. The proof of pluriharmonicity 
In this section we prove the following statement, which implies the main theorem: 
Theorem 4.1. Assume that 

(44) sup/ \F {{(, x) s\'^ dCdx <oo 

sgSo Jn{<S>) 

and 

(45) AF = HiF = ... = UrF = 0. 

Then F is pluriharmonic. 

We first claim that the results of the last section on bounded functions apply to 
{H"^) growth conditions. Indeed, we have the following lemma. Here L is an elliptic 
operator as in (|30|), 



L = J]a,£, + J]/3,Hj 



I^ 



with coefficients chosen so that it has maximal boundary A^($) and satisfies the 
integrability condition (Bl) for some r] to be chosen later. 



Lemma 4.2. A function F which satisfies ( ^4]) and (^5]) may he written as a Pois- 
son integral 

(46) F{g) = [ f{7r{gw))PL{w) dw, f e L^N^, g e S. 

Jn(<s>) 

Proof. We reduce to bounded functions by convolving F from the left. More pre- 
cisely, let (j)n G C^{N{^)) be an approximate identity, and let 



Kig) = / 4>n{w)F{w ^g) dw. 



'N{<S>) 

Then F„ is bounded, and satisfies (ff3). So it follows from the last section that 



Fnig) = / fn{Tr{gw))PL{w) dw, 

'Af($) 
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for an /„ G L°°{N{^)). Moreover, /„, which may be obtained as a *-weak hmit in 
L°°, when t -^ — oo, of F„(- exp tH) as well as a weak limit in L^(A^($)), is uniformly 
in L^. Hence, 

Wfnh^N {<!>)) < sup / \F{WS)\'^ dw 

s JAf(<j.) 

We may take for / G L^(A^($)) the weak limit of a subsequence, and get p6|). This 
concludes the proof of the lemma. □ 

To prove Theorem [4.1| , we may assume that F = Pif as above. Moreover, 
eventually convolving / in the group A^($) with a C°° compactly supported function 
as in the last section, we may assume that 

Assumption on f: it may be written as (p* f where (j) is a C°° compactly supported 
function. 

At this point, our main tool will be harmonic analysis of the nilpotent group A^(<l>). 
Once we have proved that the Fourier transform of / vanishes outside Q U —Q, one 
concludes easily like in |pHMh1| . 



Let us first recall some basic facts about Fourier analysis on A^($), following |PV| . 
Let ( , ) be the Hermitian scalar product on Z for which the basis Cja, which was 
introduced in subsection 2.3, is orthonormal. It coincides with AQj on each Zj, and 
these subspaces are pairwise orthogonal. For each \ E V, let us define the Hermitian 
transformation Mx : Z ^ Z hy 

4{\,<l>{(,u)) = {MxC,u;), CcoeZ. 

and consider the set 

A = {\eV : detMx ^ 0} 

for which the above Hermitian form is non degenerate. Remark that it is in particular 
the case for A G f2 since we assumed that ^(C, C) belongs to ^2 \ {0} for all C 7^ 0. 
The same is valid for A G — f2. So detM^, which is a polynomial of A, does not 
vanish identically, and A is an open set of full measure. It carries the Plancherel 
measure (see |PV|| ), given by 

p{X)d\ = \detMx\dX. 

Let us describe the Fock representation associated to A G A. For every A G A we 
define a complex structure J7a, which determines the representation space Tix. Let 
I Ma I be the positive Hermitian transformation such that jM^p = M|. Then 

Jx = t\Mx\-'Mx. 

If A G f2 then Jx = H = <J coincides with the ordinary complex structure in Z. For 
general A, the complex structure Jx has a nice description in an appropriate basis. 
Namely, there is a A-measurable choice of an ( , ) orthogonal basis e^, ...,e^ such 
that 
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with (jj = ±1 (depending on A and locally constant). In the basis e^, ..., e^, jTe^, ..., 
J^e^ of Z over R we have 



a,e^ . 



M^j) = (^jiJe^) and Jx{Je 
Let 

Bx = ^Hx . 
A direct calculation shows that 

BxiJxe^,el) = 5,k 
and so 

5A(JAC,C)>OifC7^o. 

We define Tix as the set of all C°° functions F on Z which are holomorphic with 
respect to the complex structure J'x and such that 

F(-)p(A)^e-t^^(^^-'-) G L\Z,dz). 

Here dz is the Lebesgue measure related to the scalar product (■, ■) on Z. 
The space Tix is a Hilbert space for the scalar product 

The Fock representation U^, which is a unitary and irreducible representation on 
TCx, is given by 

(47) f/\C, x)F{iu) = e-2-(^'-)-|ICP+--C>(^ _ q ^ 

with ij( = Bx{Jx^X) + iBx{ojX) aiid |CP = CC Then the Fourier transform of 
/ G L^(A^($)), which we note ?7p is defined as the operator on Tix given by 



{U^F,G)x= I fiC,x){Ulc^)F,G)xdx. 

Jn(<5>) 



'Af(<I>) 

If / G L^{N{^)) n L'^{N{^)), then the Plancherel theorem says that 

'V 

It follows that, for / G L'^{N{^)), U^ is defined for almost every A and is a Hilbert- 
Schmidt operator. 

Now we write an orthonormal basis of Tix-, which changes measurably with A. For 
( E Z, we note Q^x its coordinates in the basis ej", so that, in particular, 

Bx{JxC,0 = J2\^j,x\'- 
j 

Given a multi-index a = (ai, ..., o;™), let 

\q. 



(^-^iiQ~ir^ 



^7, A 
3 
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Then every ^^ is holomorphic with respect to the complex structure J7a and the 
family {^^} forms a ( , )x - orthonormal basis. Indeed, one may verify that 

WI + l/31 

{C^^)x = ^==n / u"^^^M"^^^M^^^^M^^^^e-"l"l du. 

We finally define, for / G L^(A^($) and almost every A, 

(48) fiX,a,P) = iU}ea,ep). 

We may now give the main step of the proof. 

Lemma 4.3. Let F = P^f a function which satisfies the assumptions of Theorem 
IT] , with L and f G L^(A^($)) chosen as above. Then, for almost every A and for 



all a, (3, we have 

(49) /(A, a, /3) = for X^VlU -0. 



Proof of Theorem |4.4 For the moment, we take the lemma for granted and finish 
the proof of Theorem [4.1| . Let us first give some notations. For s G 5*0, we note Fg 
the function defined on iV($) by 

(50) Fg{C,x)=F{{C,x)s) 
and -F(A, a, (3, s) its Fourier transform. We claim that 

F(A,a,/3,s) =e-^^'^^''-^\u}^c,,^(i), for a.e X e n, 

(51) =e2-<^'-^)(f/;ea,e/3), for a.e A G -Q, 

=0, for a.e X^QU -Q. 



Indeed, we know from Theorem 3^ that F may be written as a Poisson-Szego 
integral, i.e. 

F{{C,x)s)= / f^{xsvs'^)p{v) dv = / f{C,x-u)pg{u) du, 
Jv Jv 

with ps defined by 

Psiu) = det(s~^) p{s~^ ■ u) . 

Here the element s~^ is considered as acting on V . If / G L^(A^($)) n L^(A^($)), 
then 



iUpXa,ip)=j / f{C,X-u)ps{u){U(^^^^-j^a,^f3) dudCdx 

JN{<i>) Jv 



{Upl^^^^Uip)Ps{u) du 
Jv 
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These formulas are still valid for a general function / G L^(A^($)): only use an 
approximation of / and the Plancherel theorem. 

It remains to calculate the Fourier transform oi Ps for A G U — 0. We shall 
do this for A G fi. For A G —0 the proof is analogous. If A G H we consider the 
bounded holomorphic function on V + iQ given by 

/^f ~\ 2-Ki{\,z) 2-Ki{X,x+is-e) 2-Ki{\,x)—2-K{\,s-e) 

Then G is the Poisson integral of its boundary value, i.e. 

G{z) = I e2'^*<^'^-">p,(M) du. 
Jv 

Therefore, 

G{is ■ e) = e-''^^^'"^^ = / e~'"'<^'"Vs(n) du . 

Jv 

Finally, for A G H, we have 

From (|5TD, a direct computation (see [pHMP|| for the details) shows that AjF = 



for j = l,...,r. Moreover, we already know that CjF = 0. Then it follows from 
Theorem 3.1 in ||DHMP|| that F is the real part of an H^ holomorphic function. □ 



Proof of Lemma [4.3| . It remains to prove the lemma. Let us remark that there is 
nothing to prove for r = 1. So the theorem is completely proved in this case. For 
r > 1, we can make the assumption that the theorem is valid for r — 1, and prove 
the lemma with this additional induction hypothesis. 

We use again the notations of the subsection 2.5. for the induction procedure. An 
element a & A will be written as a = a'a'^, a' G A~ , a' G A'^. We call Sq the group 
A^o^~) and S' the group NA~ . For s G 5*0, we may write s = ya = ya'a^ = s'a~^. 

We define a new function F' on S' by a limit process. More precisely, for {(, x)s' G 
S', we define 

(52) F'{{(,x)s') = F:,{C,x)= \im F{{(,x)s'exptHr). 

t—>—oo 

Using the same arguments as before, as well as our assumptions on the boundary 
value / of F, one can see that this limit exists and is given by 

F'ACx) = [ f{{C,x)s'w-{sr')PL{w-) dw-, 
Jn{<s>)- 

where 

P'^{w-) = I Pl{w-w+) dw+. 

We are now able to give a sketch of the proof. The function / may be seen as the 
boundary value of F'. So, we will consider the Fourier transform of F^.,. Using the 
induction hypothesis for all functions w+F', defined on S^ by w+F'{s~) = F{w^s~), 
we will show that w+F' are pluriharmonic. This implies for their Fourier transforms 
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to satisfy a differential equation with initial data /(A, a,/?). Then smoothness of 
the Fourier transform will force this function to be zero for X ^ QU —Cl. 

Our main work will be to show the smoothness of Fourier transforms, and will 
ask for many technicalities. 

Step 1: F' is a smooth function of arbitrary order on S' . 

Proof. First, let W he a. right-invariant differential operator on A^($). We know 
from the assumptions on / that Wf is well defined, and bounded. Therefore, we 
have 

WF:,{C,x) = [ Wf{{(,x)s'w-is')-')PLi^-) dw-. 
Jn(<s>)- 

Moreover, partial derivatives of / grow at most polynomially. The action of s' is 

linear, hence there are constants C{a, K) and M(a) such that 

\d':,f{{Cx)s'w-{sr')\<C{a,K){l + T{w-)Y'^'^^ 

for {C,x)s' belonging to a compact set K C S", with r any left-invariant distance 
as in p^). Now we select rj such that Pl integrates the right hand side above, to 
obtain 

/ \d':,f{{C,x)s'w-{s')-')\P'L{w-) dw- < oo 

which allows to differentiate F' with respect to s' . □ 

Step 2: the function w+F' satisfies the induction hypothesis on S~ . 



Proof. We claim first that the assumption (^), with 5* in place of S, is satisfied 
for almost every w^. Indeed, it is sufficient to prove that 

(53) sup ||Fy||L2(Af(*)) < oo. 

This follows from the fact that, for every s' G 5*0, the function F{-s' exptHr) has a 
weak limit in L^(A^($)) when t tends to — oo. Indeed, for e L^(A^($)), 

{F{ws'exp{tiHr)) - F{ws' exp{t2Hr)))(l){w) dw 

Af($) 



{f{wvi) — f {wv2)Pl{v)(I){w) dv dw 

with Vj = s' exp(tjHr)v{s' expitjHr))-^ for j = 1,2. Integrating with respect to v 
over a compact set K and over its complement we get 



/ < SUp||/(-i;i) - fi-V2)\\L^N('S>))\mL^N{'S>)) + 2 || /||l2(^($)) ||0||i2(^($)) / Pl{v) dv, 

which tends to zero when ti,t2 -^ — oo. 

We now prove that the functions w+F' satisfy the condition pS), again with 
S~ in place of S. Without loss of generality, we may assume that w~^ is the unit 
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element. Notice that the operators >Cj,Aj and A?, have a perfect sense as left- 
invariant operators on S~ as far as indices are smaller than r . Let 

k<j a j<k<r a 

Again (H')-^ may be considered as operators both on S and S^ . In the second case 
(H'l)^, ..., {ii[._^)'^ are HW operators for the tube V~ + ifl~ . We want to prove 
that, for j = 1, ■ ■ ■ , r — 1, we have 

CjF' = {n'^fF' = 0. 

Since ior i < j < r, Cj, A^-, and A^ commute with A^ , we have, for g' E S', 

lim CjF{g'exptHr) =CjF'{g') 



lim AjF{g'exptHr) =AjF'{g'^ 

t — > — oo 

hm A^F{g'exptHr)=A^F\g'), 

By hypothesis, F satisfies (|i5|). So we conclude directly for CjF', j = 1, ■ ■ ■ ,r — 1. 
For (H')"^F', we conclude also once we know that 

(54) lim A"^F(^'expti7^) = 

t— >— oo •' 

Before doing it, we give a last definition. We note X"^, Y^^, and A"", 3^" the left- 
invariant vector fields on A^ which coincide, at the unit element of A^, with the 
corresponding elements of the basis of A/" that we constructed in subsection 2.3. We 
define as well £, = EaiK"f + (3^°)'- 

In the next computation, we identify an element a with a n-uple (ai,a2, ■ ■ -a^), 
with ttj > 0, in such a way that a is the exponential of ^ (logaj)ifj. In particular, 
an element a"*" G A'^ identifies with a scalar, which we note a,, for comprehension. 
With these notations, the previous limits are obtained for ar tending to 0. 

Then, it follows from the fact that CrF = and a direct computation that 

xdarF{g'ar) = CrF{g'ar). 
Moreover, 

1 . 

—i 
Y 

j<r a 

when Qr — ^ 0. This finishes the proof of (|5), as well as the claim of this step. 
Indeed, for almost w~^, the function ^+-F' is pluriharmonic as a function on S'. It 
follows that AiF' vanishes identically. This is the main point which will be used 
later. □ 

step 3: F'{X,a, P,s') is a smooth function of s', for almost every A and every a, p. 



A'^^.F{g'ar)=ar(^J2J2''^(^fr? + aj\Y;:f--Cr)F{g'ar)^0 
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Proof. As before, F'{X, a, (3, s') is the Fourier transform of the function F^,,, defined 
on A^(<l>) by F^,{(,x) = F{{C,x)s'). We know from (||) that it is in L'^{N{^)). 
Moreover, we can write the Fourier transform of F' in terms of the one of the 
Poisson kernel P^. Indeed, given A G A and Gi,G2 G 7i^, we define the bounded 
operator Up, by 

iU^,G^,G2)x= [ Piiw-)iU^,^-^^,^-,G,,G2)xdw-, 

For f E L^n L2(A^($)), it follows directly from (|5|) that 

F'(A, a, P, s') = {U}U^,J^, ep)x for a.e. X . 

For general / G L^(A^($)), we use approximation in L^(A^($)) by integrable func- 
tions and the Plancherel theorem. 

So, to prove the claim, it is sufficient to prove the smoothness Up, with respect 

to s'. This is given in the following lemma. 
Lemma 4.4. Assume that 

t{w)^~^^Pl{w) dw < oo . 



'Af(*) 

Then for every A and every Gi,G2 G 7i^ the function s' \—>- {Up, Gi, G2) is of class 

s' 

Proof. It follows from (^Tf ) that (f/^_Gi,G2) is a smooth function of w~ with 
bounded derivatives (see (6.41) in [OV] and (i), (ii) at the end of (4.1) in [OV]). 
Since the action s'w~{s')~^ of s' is linear, 

l^?(^sV(s')-Gi,G2)| < G{a,K){l + r{w-)p 

for s' belonging to a compact set K. Hence the conclusion follows from the assump- 
tion on Pl. □ 

This is the end of the step 3. □ 

Step 4: Conclusion. 

As we said before, we want to write the equation AiF' = on the Fourier trans- 
form side. We need a preliminary lemma, which will allow us to do it. 

Lemma 4.5. Let D be an element of the enveloping algebra o/A/'($)^©(A/o)^©^^ 
considered as a left-invariant operator on S' . Then 

sup / \DF'{ws')\^ dw < 00 . 
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Proof. Recall that w+F' is pluriharmonic on S^. So, by By the Harnack inequality, 
we have 

\DF'{w+w-a')\^ < C{D,B) f \F'{w+w'a'g)\^ dg, 

Jb 

where 5 is a neighborhood of identity in S~, and the constant C{D,B) does not 

depend on w^. We use the notation g = u~n~b', with u~ e iV($)~, n~ G Nq and 

b' G A^ . Then, for s' = ya' G S', we write 



/ \DF'{wya')\'^ dw= I \DF'{y+w+w-y-a')\'^ dnj-dw^ 

<C{D,B) / \F'{y+w+w-y-a'u-n-b')\'^ dw-dw^du-dn'db' 
Jb Jn{<s>) 

= C{D,B) / / \F'{y^w^w^y~a'u^n^b')\^ dw^dw^du'drTdb' 
Jb Jn(<s>) 

= C{D,B) f f \F\wya'n-b')\'^ dwdu~dn-db', 
Jb Jn(<s>) 



'N{<S>) 

which is finite. In the above calculation we have used the fact that the action of y 
on A^($) is unipotent and we changed coordinates in A^($)~ in the following way 

w~y~a'u^(y~a')^^ — > w', 

which preserves the measure dw~. □ 

We will now prove that for almost every A, we have 

(55) {-A7r^{X,Ad,,Xi)^ + H^ - Hi)F'{X,a,(3,s') = 0. 

To do it, we first approximate F'. Namely, we take a sequence 0„ G C^{N{^)) 
such that < 0„ < 1, 0„ = 1 on the ball of radius n, and such that, for every 
left-invariant differential operator D on A^($) of positive order, -D0„ —>■ uniformly 
when n —>■ oo. We put 

F^((C,x)s')=0„(C,x)F'((C,x)/). 

A direct calculation shows that 

XrF^(A, a, P, s') =(-27r2)'"(A, Ad,,Xi)F^(A, a, P, s'), 

HrKiX,a,P,s') =H^Fl^{\a,(3,s'). 

Then we let n ^ oo and conclude for (^) using Lemma O. Indeed, Lemma O 
implies that 

lim / / \DF'^{{C,x)s')-DF'{{C,x)s')\^ dCdxds' = Q 

'^^"^ Jk JN{'i>) 

for D = Xf, Hi or Hf and any compact set i^ in S". 
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Now, we prove that ( [55| ) and the smoothness of F' forces the Fourier transform 
of / to vanish outside n U — fi. Let J be the set oi \ E V such that all the principal 
minors of A do not vanish (for the definition, see [FK], Proposition VI.3.10). Since 
J is dense in V, it is sufficient to consider A G J such that A ^ i7 U — fi . Then there 
is yo G A^o such that A = Ady^Xo with Aq = J2l=i ^k Ck, 6fc 7^ for /c = 1, ..., r (see 
e.g. [PHMPII ). Substituting 

h{X,s') = F'{X,a,f3,y^'s') 



into (pSD, we obtain 

{-An^{Xo,Adl,Xif + H^-Hi)h{X,s') = 0, 

or in coordinates s' = ya', with a' identified with a r — 1-uple, 

{-An'{Xo,Ad;X^f + ^l)hiX,ya') = 0, 

This, and boundedness of h with respect to s' imply that 

h{X, ya) = c(A, y) exp [ - 27r| (Aq, Ad^^Xi) |ai] . 

Letting a' ^ we get 

f{X,a,(3) = c{X,y). 
Finally, by Lemma 1.27 of ||DHMP|| 

/i(A,s')=/(A,a,/3)exp[-27r|(Ao,Ad,Xi)|ai] 
(56) =f{Ka,f3)exp[-2n\bi + ^J2^i\y'f\a,]. 

Since for at least one / > 1 the sign of bi is different from the one of 61, (^) 
contradicts smoothness of F' with respect to y, unless /(A, a, j3) = 0. This concludes 
for the proof of the lemma. □ 
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